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Abstract – We consider the bremsstrahlung of electrons of fully ionized plasma. Electron energy
range extends from a few hundred electron volts before the extreme relativistic energies of sev-
eral MeV. The results of calculations of effective slow-down rate of a single electron and the
power emission from a volume of the plasma with Maxwellian electrons. At relativistic energies,
the Born approximation yields highly accurate results. Correction to the Born approximation are
considered for low-energy regimes. In the high-energy regimes numerical results are close to ex-
treme relativistic analytic results. The formulas are suggested that approximate the results of nu-
merical calculations.
Bremsstrahlung from the fully ionized plasma is considered in this paper. Here we calcu-
late bremsstarhlung energy losses and emission power to obtain formulas for fast calculations.
The results of the present study cover wider ranges of electron temperatures and energies then in
previous study [1]. Temperature and energy of electrons vary from hundreds eV up to MeV in the
present study. Under such conditions the plasma radiates from its volume without significant ab-
sorption even at extremely high densities available in the experiments.
Bremsstrahlung power from a unit volume is a sum of the radiation power due to electron-
ion and electron-electron collisions
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Electron-ion bremsstrahlung power is
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Here d?ei is differential cross-section of the process; ? is the energy of the emitted photon; p is
electron momentum; v  and p are the absolute values of speed and momentum of an electron; f(p)
and f(p) are normalized electron distribution functions;
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is the energy losses (effective slow-down rate) of an electron with initial momentum p;
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is the maximum energy of the emitted photon; me is the rest mass of an electron; c is the velocity
of light.
Equilibrium Maxwellian distribution function of relativistic electron gas is [2]
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where 2)/(1/1 cv???  is the electron energy in units of rest energy of an electron mec2 = 511
keV, )/( 2cmTk eeB??  is temperature of electrons expressed in units of rest energy, K2(…) is
Macdonald function.
Using the expression for d?ei in the Born approximation (relativistic Bethe–Heitler for-
mula) [3, 4] for numerical integration we obtained the dependence of ?ei on the electron energy.
Obtained data can be approximated with the error less than 1% to by the following expression:
? ? ? ?? ?)1(408.0exp)2ln4()2ln(4 3203121 ?????????? ? ibei ZcC ,                          (2)
where 32 cmrC eeb ?? , ? is fine structure constant, re is classical radius of the electron.
Equation (2) is constructed such a way that in the limit ? ? 1 it gives the non relativistic
expression 21
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??? . For ? >> 1 it coincides with the extreme relativistic expression
? ?3121 )2ln(4 ????? ? ibeiER ZcC  (see Fig. 1). Using Eq. (2), we can obtain an expression for Pei
containing a single integral
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22  is the square of the effective charge; ?Pei is the correction to
losses calculated using the cross section in the Born approximation.
Correction to the Born approximation is significant at temperatures Te < 10 keV. For Te ?~
1 keV Gould obtained a relative correction to Born approximation [5]
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is non relativistic expression for the power of the electron-ion bremsstrahlung concerned is the
Born approximation [6], ???
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33 . For Te = 1 keV ?B ~ 0.1.
With increasing Te this correction decreases, while for Te < 10 keV relativistic corrections
are becoming more important. To remove an unlimited increase of ?B at Te ? 0, it is necessary to
take into account the known values of the integrated Gaunt factor eieiNR PPg Kr/?  [7], where eiPKr
is the Kramers power of the electron-ion bremsstrahlung. For Te << 10 eV g = 1; for Te >> 10 eV
1.1/32 ???g  which corresponds to the non relativistic quantum Born approximation. At low
Te (1–10 eV) Elwert approximation of the Gaunt factor for hydrogen plasma is gElw ? 1.5 [7].
This value can be regarded as an upper bound. In accordance with the foregoing ?B can be ap-
proximated by the following equation (also see Fig. 2):
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Electron-electron bremsstarhlung power is
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where d?ee is differential cross section of the process, u(p1,p2) is the relative velocity of the elec-
trons, the indices “1” and “2” denote the first and second colliding electrons, the factor 1/2 takes
into account the identity of the electrons.
Integration of Eq. (5) with the non relativistic Born cross section d?ee [8]  and Maxwell
distribution function leads to the expression [6, 9]
2/322/14 ??? ? ebFeeNR nCCP ,
where CF = (5/9)(44–3?2) ? 8.
In non relativistic limit 1/ 2
2
3 ???? ?effeiNReeNR ZPP . For Te < 100 keV and Zeff2 ~ 2 accu-
racy of calculation of the electron-electron bremsstrahlung affects on the result less than the accu-
racy of calculating the electron-ion radiation. So one can not take into account the correction to
the Born approximation. Evaluation of such a correction showed that for Te =  10  and  20  keV
power electron-electron emission in the Born approximation is overestimated by approximately 5
and 4% respectively [9].
Relativistic cross section d?ee was obtained by Haug [10], who also suggested an ap-
proximate expression for the radiation power in the form of a double integral [11] with an accu-
racy of about 3%. By the same methodology to obtain an expression for electron-electron
bremsstrahlung power was presented as a single integral [12]
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Note that the integral expressions (Eqs. (3) and (6)) although derived using some ap-
proximations of the interim results, provide a calculation of the total bremsstrahlung emission
from the plasma with high accuracy for Te > 1 keV. In the extreme relativistic case (? >> 1) these
formulas give numerically the same results as the extreme relativistic expressions for electron-ion
[6] and electron-electron [13] bremsstrahlung:
? ?EeffebeiER CZnCP ????? 2322 )2ln(12 ,
? ?EebeeER CnCP ????? 452 )2ln(24 ,
where CE = 0.5772... is the Euler constant. According the numerical results extreme relativistic
expressions become practically applicable for ? > 2 for the electron-ion radiation and for ? > 1
for the electron-electron radiation
Numerical results for Maxwellian plasma can be approximated by the following formulas:
? ?)(07.2)4.4exp(32.068.0222
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The errors of these approximations are less then 3% at Te < 100 keV and less then 5% at
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Te > 100 keV.
Fig. 3 shows a comparison of a number approximating dependencies with data of numeri-
cal calculations for a range of Te < 100 keV. Eqs. (7) and (8) correspond to the solid lines passing
through the circles which mark the numerical results. Note that the same level of agreement is
demonstrated for analogous formulas [14, 15]. Drawing curves based on Eqs. (7), (8), the integral
formulas Eqs. (3), (6), and the formulas from Refs. 14, 15 are indistinguishable at present figure
scale. The differences between these formulas are within a few percent.
A satisfactory agreement for the power of the relativistic electron-ion bremsstrahlung can
be seen for formula suggested by Gould [5]. According this formula,
)87.18.01(5.8 222 ?????? effebei ZnCP . Since the electron-electron emission was considered in
Ref. 5 as the first order correction (order of ?) to the electron-ion emission. The corresponding
expression coincides with non relativistic limit (lower dashed curve in Fig. 3).
Often the calculation of bremsstrahlung at relativistic temperatures used Dawson formula
[16]. It was obtained as an approximation of the results and of interpolation between the non rela-
tivistic and extreme relativistic limit cases performed by Maxon [17]. According Dawson formula
)21(5.8 22 ???? effebei ZnCP  and ? ?)1/(11)21(17 2 ??????? ebee nCP . At Te ? 50–80 keV
Dawson formula gives the values of bremsstrahlung emission power 10–15 % higher then nu-
merical results.
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Fig. 1. The electron energy losses during slow-down on the ions:
- - - - - - calculation in Born approximation; –––––––– approximation by Eq. (2);
– – – – – extreme relativistic limit
Fig. 2. Gaunt factors at low temperatures for various approximations of ?B:
1 – Eq. (4) providing g ? 1 at Te ? 0; 2 – g ? gElw at Te ? 0; 3 – by Gould [5]
1 10 100 103 104 105
1
1.1
1.2
1.3
1.4
1.5
1.6
1
2 3
Te, eV
g
–––––  fit
– - – -   Elwert
- - - - -  Gould
- 6 -
0 20 40 60 80 100
0
1
2
3
4
5 P
ei/(Zeff2Cbne2)
Pee/(Cbne2)
Te, keV
1
1
2
3
3
? ? ? ?   numerical
- - - - -  numerical + Born corr.
– – – –  non relativistic
1 – fits
2 – McNally
3 – Dawson
Fig. 3. Electron bremsstrahlung emission per unit plasma volume on ions (upper curves) and
electrons (lower curves) at Te up to 100 keV:
? ? ? ? numerical calculation in the Born approximation;
- - - - - - numerical calculation with the Gould correction;
––––––– non relativistic expressions;
1 – Eqs. (7) and (8) without correction to the Born approximation;
2 – according Ref. 5 without correction to the Born approximation;
3 – Dawson formula
